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a b s t r a c t
This paper addresses the problem of finding abstract regular polytopes with preassigned
facets and preassigned last entry of the Schläfli symbol. Using C-group permutation rep-
resentation (CPR) graphs we give a solution to this problem for dually bipartite regular
polytopes when the last entry of the Schläfli symbol is even. This construction is related to
a previous construction by Schulte that solves the problem when the entry of the Schläfli
symbol is 6.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Since abstract regular polytopes were first defined there have been several approaches to the problem of determining
whether a given regular d-polytopeK is isomorphic to the facets of a regular (d+1)-polytopeP . If such a polytopeP exists
we call it an extension ofK .
Schulte proves in [5] that for each polytope there is a ‘‘universal’’ extension in the sense that every other extension is a
quotient of it (see also [2, Chapter 4D]). This extension is infinite and the last entry of its Schläfli symbol is infinity.
Also in [5] Schulte constructed in an algebraic way an extension P of a regular polytope K such that the extension is
finite if the polytopeK is finite (see also [7,8] and [9]). The last entry of the Schläfli symbol of this extension is 6.
Danzer showed in [1] how to construct a regular polytope 2K with vertex figures isomorphic to a given regular polytope
K . In this construction, if ∗ denotes the dual operation, then also 2K∗ is also an extension ofK . The last entry of the Schläfli
symbol of this extension is 4.
In this paper we generalize the extension constructed by Schulte for the so-called ‘‘dually bipartite’’ regular polytopes,
and thereby give an affirmative answer to the extension problem for this class of polytopes, with any given even number as
last entry of the Schläfli symbol.
In Section 2 we give the definition of abstract regular polytopes and some results about them. In Section 3 we introduce
CPR graphs, which are the main tool used for the constructions. In Section 4 we explain the construction of the extensions.
Finally, in Section 5 we describe the construction of another extension related to the one described in Section 4.
2. Abstract regular polytopes
In this section we give the definition of abstract regular polytopes as well as some main results about them.
An abstract polytopeK of rank d (or d-polytope) is a partially ordered set that satisfies the following properties.
(I) K has a (unique) minimum element F−1 and a (unique) maximum element Fd.
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The elements ofK are called faces, and any face F may be identified with the polytope section {F ′ ∈ K | F ′ ≤ F}. The
section {F ′ ∈ K | F ′ ≥ F} is called the co-face of F . The maximal totally ordered subsets ofK are called flags.
(II) All the flags have exactly d+ 2 elements including F−1 and Fd.
This induces a rank function inK with the property that the rank of F−1 is −1 and the rank of Fd is d. The elements of
rank i are called i-faces; the 0-faces are called vertices, the 1-faces edges, and the (d− 1)-faces facets. If F is a vertex then the
co-face of F is also called the vertex figure of F . The set of i-faces ofK is denoted byKi.
(III) Given two incident faces F , F ′ such that their ranks differ by exactly 2, there exist exactly two faces H1, H2 such that
F < Hi < F ′.
This implies that for any flagΦ and for any j ∈ {0, 1, . . . , d− 1}, there exists a unique flagΦ j that differs fromΦ only in
the j-face. The flagΦ j is called the j-adjacent flag ofΦ . More generally, two flags are said to be adjacent if they differ in only
one face.
(IV) Given two flags Φ , Ψ there exists a sequence of flags Φ0 = Φ , Φ1, . . . ,Φk = Ψ such that Φi is adjacent to Φi+1 and
Φ ∩ Ψ ⊆ Φi (0 ≤ i ≤ k− 1).
An automorphism of a polytopeK is an order preserving bijection on its set of faces.
A polytopeK is called regular if its group of automorphisms, denoted by Γ (K), is transitive on flags.
The automorphism group of a regular polytope of rank d is generated by the involutions ρ0, . . . , ρd−1, where (Φ)ρj = Φ j
for a fixed base flagΦ and j = 0, . . . , d− 1. These generators satisfy
• (ρiρj)2 = ε if |i− j| ≥ 2, where ε is the identity automorphism,• 〈ρk | k ∈ I〉 ∩ 〈ρk | k ∈ J〉 = 〈ρk | k ∈ I ∩ J〉 for all I, J ⊆ {0, . . . , d− 1}.
The latter is called the intersection property. The groups generated by involutions ρ0, . . . , ρd−1 that satisfy these two
conditions are called string C-groups.
Every string C-group is the automorphism group of a regular polytope. This establishes a one-to-one correspondence
between the regular polytopes and the string C-groups. The next proposition gives us an equivalence to the intersection
property. For a proof, see [2, Chapter 2E].
Proposition 2.1. Let Γ = 〈ρ0, . . . , ρn−1〉 be a group such that ρ2k = ε for all k, and (ρiρj)2 = ε for |i−j| ≥ 2. If 〈ρ0, . . . , ρn−2〉
is a string C-group, and
〈ρ0, . . . , ρn−2〉 ∩ 〈ρk, . . . , ρn−1〉 = 〈ρk, . . . , ρn−2〉
for k = 1, . . . , n− 1, then Γ is also a string C-group.
The sections between two incident faces of ranks i−1 and i+2 of a regular polytopeK are isomorphic to the 2-polytopes
associated with regular pi-gons, where pi is the order of ρi−1ρi (here possibly pi = ∞). We say that the Schläfli type of the
polytope is {p1, . . . , pd−1}.
Let m ≥ n, and let Γ (K) = 〈ρ0, . . . , ρn−1〉 and Γ (P ) = 〈σ0, . . . , σm−1〉 be the automorphism groups of the regular
polytopes K and P . We consider the subgroup Λ of Γ (K) × Γ (P ) generated by τ0, . . . , τm−1 where τi = (ρi, σi) with
ρi = ε if i > n−1. IfΛ is a string C-groupwith respect to the generators τ0, . . . , τm−1, then the regular polytopeQ associated
to it is said to be themix ofK and P , denoted byK♦P . The following results can be found in [2, Chapter 7A].
Remark 2.2. For every regular polytopeK , the mixK♦K is a polytope isomorphic toK .
Theorem 2.3. Let K be a regular d-polytope and P be the polytope of rank 1 (that is, an edge). Then Γ (K♦P ) ∼= Γ (K)
if and only if the 1-skeleton of K (the graph with vertex and edge sets equal to those of K) is a bipartite graph; otherwise
Γ (K♦P ) ∼= Γ (K)× Z2.
For further details about these concepts, see [2].
3. CPR graphs
In this section we introduce CPR graphs, and explain some of their properties.
Given a regular d-polytopeK and an embedding pi : Γ (K)→ Sn of the automorphism group Γ (K) into a symmetric
group Sn, we define the CPR graph G of K determined by pi as the edge-labeled multigraph (a graph with multiple edges
allowed) with label set {0, . . . , d − 1} and vertex set V (G) := {1, . . . , n} such that there is an edge with label j between
x and y if and only if x(ρjpi) = y, where as before, ρ0, . . . , ρd−1 are the distinguished generators of Γ (K) with respect to
some base flagΦ .
Here, loops play no role, so we omit them. Usually we shall not explicitly mention pi , and refer to the graph as a CPR
graph of the polytopeK .
Each generator ρj of the automorphism group Γ (K) acts on the vertex set of any CPR graph G of K by interchanging
vertices connected by an edge of label j. This induces an action of Γ (K) on V (G).
Whenever Γ (K) acts faithfully on the j-faces ofK , we can consider Γ (K) as a permutation group onKj. The resulting
CPR graph is called the j-face CPR graph.
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If we consider Γ (K) = 〈ρ0, . . . , ρd−1〉 as a permutation group on the flags of K the resulting CPR graph will be the
labeled Cayley graph of Γ (K)with respect to ρ0, . . . , ρd−1 (see [10]), and we denote it by Cay(K).
Given a CPR graph G of a polytopeK we denote by
• Gi1,...,ik the induced subgraph of G containing all the edges of labels i1, . . . , ik, and by• G−i the induced subgraph of G obtained by eliminating the edges of label i.
The set of edges of each label forms a matching of G. Therefore, given a CPR graph G of a polytope K , the connected
components of the subgraph Gi,j are either alternating paths (including single vertices as paths of length 0), or alternating
cycles (including double edges as cycles of length 2). A path connected component of Gi,j of length k (that is, with k edges)
determines that k + 1 divides the order of ρiρj, and a cycle connected component of length 2k (that is, with 2k edges)
determines that k divides the order of ρiρj in Γ (K). This implies the following results (see [3]).
Proposition 3.1. Given a CPR graph G of a regular d-polytope, and given i, j such that |i− j| ≥ 2, the connected components of
Gi,j are either single vertices, single edges, double edges or alternating squares.
Proposition 3.2. Let G be a CPR graph of a regular d-polytopeK with Schläfli type {p1, . . . , pd−1}. Then pj is the least common
multiple of the lengths plus one, of the path connected components, and of the halves of the lengths of the cycle connected
components, of Gj−1,j.
We shall also require the following.
Proposition 3.3. Let G be a CPR graph of a regular d-polytopeP , let Λ be the automorphism group of G as a labeled graph, and
let Ov be the orbit under Λ of the vertex v of G. Consider the graph GΛ with vertex set {Ov | v ∈ V (G)} such that Ov is adjacent
to Ow if and only if there exists x ∈ Ov and y ∈ Ow such that x is adjacent to y in G.
If GΛ is a CPR graph of a regular d-polytopeK , thenK is a quotient of P and
Γ (K) ∼= Γ (P )/N,
where N = {φ ∈ Γ (P )|(v)φ ∈ Ov for all v ∈ V (G)}.
Remark 3.4. Given two polytopesK and P we can construct a CPR graph of the mixK♦P (in case it is a polytope) as the
disjoint union of any CPR graph ofK and any CPR graph of P .
For further details about CPR graphs, see [3].
4. Extensions of dually bipartite polytopes
In this section we construct (d + 1)-polytopes with prescribed vertex figureK and last entry of the Schläfli symbol n,
for n even, andK in a particular class of regular polytopes called ‘‘dually bipartite’’.
For the constructions of this section we will use the following algebraic result that can be checked in [4].
Proposition 4.1. Let Γ ≤ Sn such that the 3-cycle (abi) ∈ Γ for all i 6= a, b. Then An ≤ Γ .
We denote by SX and AX the symmetric and alternating groups on the set X , respectively.
In the remaining sections we will only work with regular polytopes such that they are lattices (as partially ordered sets),
and the 1-skeleton of the dual polytope is a bipartite graph. In particular, the automorphism group of any such polytope
K acts faithfully on the facets ofK . These polytopes will be called dually bipartite regular polytopes. The 2n-gons, the cross
polytopes and the toroids {4, 4}(2p,0) and {4, 4}(p,p) (p ≥ 2) are examples of dually bipartite polytopes.
For the constructions in this section we will use the facet CPR graph of the polytopes (see Section 3) and some results
about them.
Remark 4.2. LetK be a regular d-polytope and let G be its j-face CPR graph. Then the vertex of G corresponding to the base
j-face ofK has degree 1, and the edge emanating from it has label j.
Lemma 4.3. If K is a dually bipartite regular d-polytope with bipartition U, V of its facets, then ρd−1 induces a perfect matching
in the facet CPR graph of K such that each edge of label d− 1 is incident to a vertex (corresponding to a facet) in U and a vertex
in V .
Proof. The generator ρd−1 of Γ (K) interchanges the base facet ofK with an adjacent one, and thus, interchanges the sets
U and V . Then any vertex corresponding to a facet on U is connected by an edge with label d− 1 to a vertex corresponding
to a facet on V . 
Lemma 4.4. If K is a dually bipartite regular d-polytope with bipartition U, V of its facets, then any edge of label k ∈ {0,
1, . . . , d− 2} in the facet CPR graph of K joins two vertices in U or two vertices in V .
Proof. For i 6= d−1 the generator ρi of Γ (K) fixes the base facet ofK , and thus, preserves the sets U and V . Then no vertex
corresponding to a facet on U is connected to a vertex corresponding to a facet on V . 
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Lemma 4.5. The facet CPR graph of every dually bipartite regular d-polytopeK has an even number of edges of label k for each
k = 0, . . . , d− 3.
Proof. Lemma 4.4 implies that any edge e of label k < d− 2 is incident to two vertices correspondent to facets on the same
set of the bipartition of the facets ofK . By Lemma 4.3, there are two different edges of label d − 1 incident to the vertices
of e. Proposition 3.1 implies that e lies on an alternating square of edges of labels k and d − 1. Since each square has two
edges of each label, there is an even number of edges of label k in the facet CPR graph ofK . 
Now we proceed with the constructions.
Let K be a dually bipartite regular polytope, let G = G0,...,d−1 be its facet CPR graph, and let x be the vertex of G
corresponding to the base facet of K . For each s ≥ 3 we construct a new graph Gs by adding to G an alternating path
of length s − 2 with edges labeled d or d − 1 starting at x. In Gs, the maximal path T through x consisting of edges with
labels d or d − 1 has length s − 1, and contains s vertices, exactly one of which lies in G r {x} as the figure below shows.
uu uu u
x




Theorem 4.6. Let K be a dually bipartite regular d-polytope (d ≥ 2) of type {p1, . . . , pd−1}, and let s ≥ 3. Then the graph
Gs constructed as above is a CPR graph of a regular (d + 1)-polytope P with facets isomorphic to K and with Schläfli symbol
{p1, . . . , pd−1, s} if s is even, or {p1, . . . , pd−1, 2s} if s is odd.
Proof. We can easily see that this construction with s = 3 leads to the same extension P ofK as in [8]. For that particular
construction, the intersection property had already been proved in [6]. We use this fact to prove the intersection property
in general.
Let Γ (K) = 〈ρ0, . . . , ρd−1〉, let ρd be induced by the edges of label d, let φ ∈ 〈ρ0, . . . , ρd−1〉 ∩ 〈ρj, . . . , ρd〉, and let
v1, . . . , vs be the vertices of the path T , labeled in such a way that x = vs−1 and (x)ρd−1 = vs as the figure above shows.
We can assume that φ fixes vj for j = 1, . . . , s − 2; otherwise, ρd−1φ would do instead of φ. Then φ is also contained in
〈ρ0, . . . , ρ ′d−1〉 and 〈ρj, . . . , ρ ′d−1, ρ ′d〉, where ρ ′d−1 and ρ ′d are ρd−1 and ρd restricted to the vertex set of the original graph
G and vs−2. This means that φ ∈ 〈ρj, . . . , ρ ′d−1〉 in the construction with s = 3; but then φ ∈ 〈ρj, . . . , ρd−1〉, and the
intersection property holds for general s ≥ 3.
The facet of the resulting polytope P , with group 〈ρ0, . . . , ρd−1〉, is isomorphic to K because of Theorem 2.3 and
Remark 3.4; and the last entry in the Schläfli symbol can be obtained from Proposition 3.2 and Lemma 4.3. Note that if
K is not dually bipartite, then we cannot use Theorem 2.3, and the facet of P is no longer isomorphic toK . 
In order to describe the automorphismgroup of the newpolytopeP , wewill discuss the cases s even and s odd separately.
For s even, the first edge and last edge of T will be of label d− 1. We may assume that x = vs−1 ∈ U , where U , V define
the bipartition on the vertex set of the facet CPR graph G ofK determined by the bipartition on the facets ofK . Set
U ′ = U ∪ {vs−2, vs−5, vs−6, vs−9, vs−10, . . .}
and
V ′ = V ∪ {vs−3, vs−4, vs−7, vs−8, vs−11, . . .}.
Considering these new sets U ′ and V ′ instead of U and V , the conclusions of Lemmas 4.3 and 4.4 also remain true for
the new graph Gs. From these facts we can see that the automorphism group of P is a semidirect product 〈ρd−1〉 n H ,
where the elements of H (viewed in SU ′ × SV ′ ) are certain pairs (σ , τ ) with σ ∈ SU ′ and τ ∈ SV ′ , and (σ , τ )ρd−1 =
ρd−1(ρd−1τρd−1, ρd−1σρd−1).
Remark 4.7. LetK be a dually bipartite regular polytope with automorphism group Γ (K) = 〈ρ0, . . . , ρd−1〉 and let Gs, U ′
and V ′ be as described above. If φ ∈ 〈ρ0, . . . , ρd−1〉 keeps U ′ invariant, then φ fixes vs−2, vs−3, . . . , v1. Otherwise φ acts on
{vs−2, vs−3, . . . , v1} in the same way as ρd−1, that is, as the permutation (vs−2vs−3)(vs−4vs−5) · · · ∈ ST .
Proof. The generators ρ0, . . . , ρd−2 fix the vertices vs−2, . . . , v1. 
Let φ ∈ 〈ρ0, . . . , ρd−1〉 be such that (x)φ = y for a vertex y of Gs \ T , with x as before and x ∈ U . We then claim that the
conjugate φ−1ρdφ is given by
φ−1ρdφ =
{
ρd(x vs−2)(y vs−2) if y ∈ U,
ρd−1ρdρd−1(vs vs−3)(y vs−3) if y ∈ V . (1)
Now Remark 4.7, the connectedness of G, and (1) tell us that if φ,ψ ∈ 〈ρ0, . . . , ρd−1〉 leave U ′ invariant, then
φ−1ρdφψ−1ρdψ = (y z vs−2), (2)
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where (x)φ = y and (x)ψ = z. Hence, we can get any 3-cycle in AU∪{vs−2}. In a similar way, if we take φ,ψ such that they
interchange U ′ and V ′, then
φ−1ρdφψ−1ρdψ = (y z vs−3), (3)
where (x)φ = y and (x)ψ = z. In this way we can get any 3-cycle in AV∪{vs−3}. The element (ρdρd−1)2 induces two cycles,
one permuting the elements of U ′ ∩ T , and the other the elements of V ′ ∩ T . Conjugating a 3-cycle containing x (or (x)ρd−1)
with the powers of (ρdρd−1)2 we obtain all the 3-cycles necessary to apply Proposition 4.1. Hence
(AU ′ × AV ′) ⊆ H,
where H is the index 2 subgroup of Γ (P ) that preserves U ′ and V ′.
While conjugation by ρd−1 interchanges the entries of the elements of H , the latter can only be isomorphic to one of the
following three groups:
(1) An × An,
(2) Sn × Sn,
(3) (An × An) ∪ [(Sn r An)× (Sn r An)],
with n = |Kd−1|/2+ s/2− 1 (recall thatKd−1 is the set of (d− 1)-faces ofK).
By Lemma 4.5 we find that Gs has an even number of edges labeled k for each k ∈ {0, 1, . . . , d − 3}. If Gs has an odd
number of edges of label d − 2 (or of label d), with an odd number in U ′ and an even number in V ′ (say), then we can
multiply ρd−2 (or ρd) by (ρd−2)−1|V ′ (or (ρd)
−1
|V ′ ) in order to get an element (σ , ε) ∈ H with σ odd. In this case, H ∼= Sn × Sn.
If Gs has an even number of edges of labels d− 2 and d, but U ′ has an odd number of edges of label k ∈ {1, . . . , d− 2, d},
then
H ∼= (An × An) ∪ [(Sn r An)× (Sn r An)]
because it properly contains the group An × An, and there is no way of obtaining an element of type (σ , ε)with σ odd from
the generators.
Finally, if U ′ and V ′ have an even number of edges of labels 1, . . . , d, then H ∼= An × An.
Now we can state the following theorem
Theorem 4.8. Let P be the extension of a dually bipartite regular d-polytopeK with s = 2m even (that is, P is the (d + 1)-
polytope of Theorem 4.6). Then Γ (P ) ∼= Z2 n H, where
H = An × An, Sn × Sn, or (An × An) ∪ [(Sn r An)× (Sn r An)],
with n = |Kd−1|/2+m− 1.
Example 4.9. The extension applied to the square for s = 4 gives rise to the toroidal polyhedron {4, 4}(3,0) with










For s odd, Eqs. (1) and (2) remain valid, and Γ (P ) includes all the 3-cycles in U ∪ {vs−2} and in V ∪ {vs−3}; but now
the automorphism (ρdρd−1)2 induces only one cycle in the path T . By conjugation we get all the 3-cycles in the alternating
group AV (Gs). This implies that AV (Gs) ≤ Γ (P ) ≤ SV (Gs). While again the number of edges of labels 0, 1, . . . , d − 3 is even,
the parity of the number of edges of labels d− 2, d− 1, d determines the structure of the group. Now we have
Theorem 4.10. Let P be the extension of a dually bipartite regular d-polytopeK with s odd (see Theorem 4.6). Then
Γ (P ) ∼=
{
An if the numbers of edges with label d− 2, d− 1 and d are even,
Sn otherwise,
where n = |Kd−1| + s− 2.
5. Reflection and half-turn constructions
In this sectionwe construct extensions of dually bipartite regular polytopes different to those described in the last section.
The extensions described in Section 4 are a quotient of the extensions described in the present section.
LetK be a dually bipartite regular d-polytope, andP be its extension described in the last section for a given s ≥ 3, with
CPR graph Gs. We construct another extension by taking two copies G1 and G2 of Gs and joining the last vertices (v1 in the
above notation) of the distinguished paths T1 = T of G1 and T2 of G2 with an edge with label
• d if s is even, and
• d− 1 if s is odd.
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Note that the resulting graph also has a bipartition of its vertices satisfying the conclusions of Lemmas 4.3 and 4.4. A
suitable picture of it allows a reflection symmetry if s is even, and a half-turn symmetry if s is odd. This motivates to call it
the reflection construction if s is even, and the half-turn construction if s is odd.
The proof of the following theorem is analogous to that of Theorem 4.6.
Theorem 5.1. The reflection and half-turn constructions of a dually bipartite regular d-polytopeK are CPR graphs of regular(d+
1)-polytopes with facets isomorphic toK , and last entry of their Schläfli symbols equal to 2s.
The automorphism group of the extensions obtained by the reflection and half-turn constructions can be derived in a
similar way that the one used in Section 4. The main idea is to find products of two disjoint 3-cycles corresponding to a 3-
cycle and its image under the corresponding reflection or half-turn. This leads to finding alternating or symmetric subgroups
of the automorphism group. Finally we determine the products of transpositions of type (x(x)η), where η is the reflection
or half-turn, to describe the group completely. In the following theorems we describe the automorphism groups.
Theorem 5.2. Let Q be the polytope obtained by the half-turn construction G applied to a dually bipartite regular polytopeK
for a given s ≥ 3. Let ek(G) be the number of edges of G labeled k, and let n = |Kd−1| + s− 2. Then Γ (Q) is isomorphic to
• Sn × Z2 if ed(G) is odd or ed−2(G) is odd;• Sn if ed and ed−2 are even, and ed−1 is congruent to 3modulo 4;• An × Z2 if ed and ed−2 are even, and ed−1 is congruent to 1modulo 4.
Theorem 5.3. Let Q be the polytope obtained by the half-turn construction applied to a dually bipartite regular polytopeK for a
given s ≥ 3. Let P be the extension of K obtained as described in Section 4, with Gs its corresponding CPR graph, and let ek(Gs)
be the number of edges labeled k of Gs.
Suppose one of the following properties is satisfied:
• ek(Gs) is odd for some k ∈ {0, . . . , d− 2};• ek(Gs) is even for every k ∈ {0, . . . , d− 2}, and ek(Gs) and ed(Gs) are congruent to 2modulo 4 for some k ∈ {0, . . . , d− 2};
or
• ek(Gs) is a multiple of 4 for every k ∈ {0, . . . , d− 2, d}.
Then Γ (Q) ∼= Γ (P ) o Z2, where o represents the wreath product.
Theorem 5.4. Let Q, Gs and ek(Gs) be as in Theorem 5.3. If ek(Gs) is even for every k ∈ {0, . . . , d − 2} and ed(Gs) is odd, then
Γ (Q) is isomorphic to the subgroup of [(Sn × Sn) o Z2] o Z2 consisting of the elements
(τ1, τ2, y, x1, x2, . . . , x2n) ∈ [(Sn × Sn) o Z2] n (Z2)2n
with n = (|Kd−1| + s− 2)/2, τ1τ2 an even permutation if ∑ xi = 0, and τ1τ2 an odd permutation if ∑ xi = 1.
Theorem 5.5. Let Q, Gs and ek(Gs) be as in Theorem 5.3. If ek(Gs) is a multiple of 4 for every k ∈ {0, . . . , d− 2}, and ed(Gs) is
congruent to 2modulo 4, then Γ (Q) is isomorphic to the subgroup of [{(An× An)∪ ((Sn \ An)× (Sn \ An))}oZ2] oZ2 consisting
of the elements
(τ1, τ2, y, x1, x2, . . . , x2n)
with n = (|Kd−1| + s− 2)/2, τ1 and τ2 even if ∑ xi = 0, and τ1 and τ2 odd if ∑ xi = 1.
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